Let Bn be an aperiodic Brandt semigroup M 0 [G; n, n; P ] where G is the trivial group, n ∈ N and P = (a ij ) n×n with a ij = 1 G if i = j and a ij = 0 otherwise. The maximum size of an independent set in Bn is known to be n 2 /4 + n, where n 2 /4 denotes the largest integer not greater than n 2 /4. We reprove this result using Turán's famous graph theorem. Moreover, we give a characterization of all independent sets in Bn with size n 2 /4 + n.
Introduction
A subset X of a semigroup S is called independent if every element x is not contained in the subsemigroup generated by the other elements of X. More precisely, x ∈ X \ {x} for every x ∈ X. This definition of independence is equivalent, in some sense, to the usual definition of independence in linear algebra. However, it is easy to find examples of semigroups where the maximum cardinality of any independent set is strictly larger than the minimum cardinality of any generating set. The cyclic group of order 6 is such an example. Furthermore, not every independent set in a semigroup S is necessarily a generating set for S. This distinction gives rise to three different types of set. That is, generating, independent generating and independent sets. These three kinds of set in turn provide us with three rank properties of S:
• The lower rank: the minimum cardinality of any generating set; denoted by rank L (S);
• The intermediate rank: the maximum cardinality of any independent generating set; denoted by rank I (S); • The upper rank: the maximum cardinality of any independent set; denoted by rank U (S).
We note that the intermediate rank of a semigroup need not exist. For example, the group Z p ∞ (p prime) of all p n th roots of unity (n ∈ N) is nonfinitely generated and the maximum cardinality of an independent set is 1. The upper rank of a semigroup need not exist either. For example, the additive monoid of natural numbers contains independent sets of any finite size, but no infinite independent sets. On the other hand, a countably infinite direct sum of the additive group of integers contains (countably) infinite independent sets. Nonetheless, whenever the three ranks are defined, for a semigroup S, the following inequalities hold:
In particular, these inequalities hold for all finite semigroups.
For brevity we call an independent set with maximum cardinality, if it exists, a maximum independent set. Likewise, we call a generating set with minimum cardinality a minimum generating set and an independent generating set with maximum cardinality a maximum independent generating set.
The most extensively studied of the three ranks is the lower rank (commonly called the rank ), which has been considered for many examples of groups and semigroups, see, for example, [2] or [11] . The lower, intermediate and upper ranks were first considered together, in the context of semigroup theory, in [8] . Recently, there has been some interest in the study of the upper and intermediate ranks of some examples of groups. In [13] the intermediate rank of the symmetric group S n over an n element set (n ∈ N) was found to be n − 1. All independent generating sets of this cardinality in S n were determined in [5] . Continuing on from [13] , the intermediate rank of the projective special linear groups P SL 2 (q), where q is a prime power, is given in [14] .
Here we shall consider the upper, intermediate and lower rank of a particular type of Rees zero matrix semigroup. Let S = M 0 [G; n, n; P ] with index set {1, 2, . . . , n} (n ∈ N), group G and diagonal matrix P = (a ij ) n×n with a ij = 1 G , the identity of G, if i = j and a ij = 0, otherwise. Such semigroups S are known as Brandt semigroups. When G is the trivial group the semigroup S is called an aperiodic Brandt semigroup. We shall denote the aperiodic Brandt semigroup with index sets of size n ∈ N by B n . It is well-known that a semigroup S is both completely 0-simple and an inverse semigroup if and only if it is a Brandt semigroup, see Theorem 5.1.8 in [9] for details. The semigroup B n can also be described as the set of elements ({1, 2, . . . , n} × {1, 2, . . . , n}) ∪ {0} with multiplication given by:
For more information about semigroups see [9] .
In the main result of this paper we find the cardinality of a maximum independent set in any aperiodic Brandt semigroup. The upper rank of these semigroups was first determined by Howie and Ribeiro in [8] , where the authors remark:
'...[our work] is reminiscent of the theorem due to Turán in [12] concerning the maximum number of edges of a triangle-free graph with n vertices...[here] it does not seem possible to quote his work directly. ' We give a new proof of Theorem 3.3 in [8] by directly quoting Turán's famous theorem. Before doing this we first introduce some terminology relating to graphs. We refer to undirected graphs as graphs and directed graphs as digraphs. Throughout we assume that our digraphs do not have multiple edges (i.e. two distinct edges with the same direction from one vertex u to another vertex v) but may have at most one loop at each vertex. A digraph Γ contains a 2-cycle if there exist vertices u and v such that (u, v) and (v, u) are edges in Γ. We call the graph we obtain from a digraph Γ by replacing every directed edge by an undirected edge the underlying graph of Γ. Note that by our definition a digraph Γ containing a 2-cycle has no multiple edges, but the underlying graph of Γ does. A graph Γ is called triangle-free if no subgraph of Γ is isomorphic to the complete graph with three vertices (a triangle!). For a rational r we denote by r the largest integer not greater than r and by r the smallest integer not less than r. Proposition 1.1. Let Γ be a triangle-free graph with n vertices, no multiple edges and at most one loop at each vertex. Then the maximum number of edges in Γ is n 2 /4 + n.
For a proof see Theorem 2.3 in [7] or Chapter 29 in [1] . Proposition 1.1 is a special case of a more general theorem, due to Turán, which gives the maximum number of edges in a graph with no subgraph isomorphic to the complete graph on n vertices. This result initiated extremal graph theory. See [3] or [4] for more details.
For a graph, or digraph, Γ we shall denote by V (Γ) the vertex-set of Γ and by E(Γ) the edge-set of Γ. The degree of a vertex v in a graph Γ is the number of edges incident to v; we denote this number by d(v). Note that a loop incident to a vertex is counted as two incident edges. For a vertex v in some graph (or digraph) Γ we denote by Γ \ {v} the graph obtained from Γ by removing v and all its incident edges. A graph Γ is called bipartite if the vertices of Γ can be partitioned into two sets A and B where
We shall refer to a bipartite graph with |A| = m, |B| = n and E(Γ) = (A×B)∪{(v, v) : v ∈ V (Γ)} as a complete m, n-bipartite graph. For more further information about graphs see [7] .
The main result
In this section, we present our main result. We start by giving the lower rank of B n for n > 1. The following result is an immediate consequence of Theorem 3.3 in [6] (see Proposition 3.1 below also).
Proposition 2.1. The minimum cardinality of a generating set for B n is n (n > 1).
Note that when n = 1 every element in B n is idempotent and hence rank L (B 1 ) = rank I (B 1 ) = |B 1 | = 2. In [8] the intermediate rank of B n was determined:
The maximum cardinality of an independent generating set in B n is 2n − 2 (n > 1). Now, we make a connection between subsets of B n and digraphs. For a set A ⊆ B n define a digraph Γ A with vertex-set V (Γ A ) = {1, 2, . . . , n} and edge-set E(Γ A ) = A \ {0}. Note that for any A ⊆ B n , the digraph Γ A contains no multiple edges but may contain loops.
Let Γ be a digraph. Then we call Γ independent if for every pair of adjacent vertices u and v any path from u to v contains their common incident edge. Note that u and v need not be distinct, and so we suppose that a vertex is adjacent to itself if and only if there is a loop at that vertex. The following routine lemma shows that independence of subsets of B n is equivalent to independence in the related digraph. Lemma 2.3. A subset A ⊆ B n is independent if and only if the related digraph Γ A is independent.
We give an upper bound for the cardinality of any independent set in B n . For n > 1, consider the complete n/2 , n/2 -bipartite digraph with every edge, that is not a loop, directed from one vertex-set to the other. If n = 6 then this digraph is:
It is evident that digraphs of this type are independent, and so
Note that, for n > 1, this bound implies that the zero element 0 (in B n ) is never contained in a maximum independent set. However, for B 1 the entire semigroup forms an independent set and so rank U (B 1 ) = 2.
To show that inequality (1) is sharp it is sufficient, by Turán's theorem, to prove that the underlying graph of any independent digraph, with maximum number of edges, has no 2-cycles and is triangle-free. It is clear that any digraph containing a sequence of edges of the form
has an incident loop. Therefore to prove that an independent graph, with maximum number of edges, has a loop at every vertex is equivalent to proving that its underlying graph is triangle-free. As a first step we prove that every independent digraph with at least one 2-cycle contains a vertex of 'small' degree.
Lemma 2.4. Let Γ X be an independent digraph with n (n ≥ 4) vertices that contains a 2-cycle. Then there is at least one vertex in Γ X with degree at most n/2 + 1.
Proof.
Then there exists a directed cycle
of distinct vertices in Γ X such that the reverse cycle u 2 ) , . . . , (u r−1 , u r ), (u r , v ), from v to v and the reverse path is also in Γ X . Note that u 1 may be equal to v . There is no loop incident to v or v and hence both vertices are adjacent to at least k + 1 distinct vertices. But there are only 2k + 1 vertices in Γ X and so there is a vertex v ( = v, v ) adjacent to both v and v . When r > 1 any such vertex v is distinct from every u i since Γ X is independent. In the case that r = 1, both v and v are adjacent to k vertices not equal to u 1 , v or v . Hence it is possible to choose v = u 1 . Now either
. The final case follows by an analogous argument to the third. In each case we have reached a contradiction and the result follows.
The case when n = 2k follows by the same argument.
In order to prove that there is a loop at every vertex of an independent graph, with maximum number of edges, we require the following result: Lemma 2.5. Let Γ X be an independent digraph with n (n ≥ 4) vertices and no loops. Then there is at least one vertex in Γ X with degree at most n/2 + 1.
Proof. If Γ X contains a 2-cycle then the result follows immediately from Lemma 2.4. Therefore we may suppose that Γ X contains no 2-cycles. It follows, by the assumption that Γ X has no loops, that the underlying graph of Γ X is simple. If the former is true, then the subgraph of Γ X induced by v 0 , v 1 , v 2 and v 3 is the complete graph K 4 on 4 vertices. It is easy to verify that any digraph with underlying graph isomorphic to K 4 is dependent, and we obtain a contradiction.
In the latter case, each of the subgraphs of Γ X with vertex-sets {v 0 , v 1 , v 2 }, {v 0 , v 3 , v 4 } and {v 0 , v 2 , v 3 } has underlying graph isomorphic to the complete graph with 3 vertices. Now, either (v 0 , v 1 ) or (v 1 , v 0 ) is an edge in Γ X . In the first case, since Γ X is independent
Using a similar argument, we obtain a contradiction in the case that (v 1 , v 0 ) ∈ E(Γ X ).
The result follows by a similar argument when n = 2k.
Next, we show that inequality (1) is sharp for n > 1. Theorem 2.6. Let X be a maximum independent set in B n (n > 1). Then |X| = n 2 /4 + n and the underlying graph of Γ X is a complete independent n/2 , n/2 -bipartite graph.
Proof. For n = 2, 3, 4 it is easy to verify that the conditions of the theorem are satisfied. We proceed by induction. Assume that n = 2k. Now, suppose that every maximum independent set in B n−1 has the required properties and let X be any maximum independent set in B n . By (1) we have |X| ≥ n 2 /4 + n = k 2 + 2k.
Suppose that Γ X contains a 2-cycle (p, q), (q, p), for vertices p, q (p = q).
By Lemma 2.4 there exists a vertex
, and hence by the inductive hypothesis Γ X \ {v} represents a maximum independent set in B n−1 . It follows that the underlying graph of Γ X \ {v} contains no 2-cycles, and hence v is either p or q, say p. But then q has no incident loop, a contradiction.
Suppose that Γ X has no loops. Then by Lemma 2.5 there exists a vertex v such that d(v) ≤ k + 1. We conclude, as in the previous paragraph, that Γ X \ {v} represents a maximum independent set in B n−1 . Therefore there is a loop at every vertex of Γ X \ {v}, a contradiction.
It follows that Γ X contains no 2-cycles, and there exists a vertex v in Γ X with a loop. Suppose that every vertex in Γ X with a loop has degree strictly greater than n/2 + 2 = k + 2 and every vertex without a loop has degree strictly greater than n/2 + 1 = k + 1. Let v ( = v ) be any vertex adjacent to v . Since d(v ), d(v ) > k + 1 it follows that there exists a vertex v ( = v , v ) adjacent to both v and v . Since v has an incident loop it follows that Γ X is dependent, a contradiction. Therefore, there exists a vertex u in Γ X with a loop and d(u) ≤ k + 2 or without a loop and d(u) ≤ k + 1.
We now prove that there is a loop at every vertex of Γ X . Assume otherwise, then there exists a v ∈ V (Γ X ) with no incident loop. Since X is a maximum independent set we deduce that v is contained in a cycle of length at least three consisting of vertices without loops. Hence there is a vertex in Γ X \ {u} with no incident loop. It follows, by our inductive hypothesis, that Γ X \{u} has strictly less than (n−1) 2 /4 +n−1 = k 2 +k−1 edges. In the case that u has an incident loop we have
2 /4 + n − 1 + n/2 + 1 ≤ |X|, again a contradiction. We deduce that Γ X contains a loop at every vertex. Moreover, by the discussion following Lemma 2.3, we deduce that Γ X is triangle-free, and hence |X| = n 2 /4 + n.
The fact that the underlying graph of Γ X is a complete n/2 , n/2 -bipartite graph follows immediately from Exercise 2.23 in [7] . This exercise states that there is only one, up to isomorphism, triangle-free graph with n 2 /4 + n edges.
The result follows by a similar argument in the case that n = 2k + 1.
Corollary 2.7. Let X be an arbitrary subset of B n (n > 1). Then X is a maximum independent set in B n if and only if the underlying graph of Γ X is a complete independent n/2 , n/2 -bipartite graph.
Proof. (⇒) This implications follows immediately from Theorem 2.6.
(⇐) Every maximum independent set in B n has n 2 /4 + n elements. The graph Γ X represents an independent set with n 2 /4 + n elements, and the result follows.
Final remarks
We end the paper by giving some bounds for the lower, intermediate and upper ranks of the Brandt semigroup M 0 [G; n, n; P ], where G is an arbitrary group, n ∈ N and P is the n × n identity matrix as defined in the introduction. We denote this semigroup by B(G, n).
Note that if n = 1 then B(G, n) is isomorphic to the group G with a zero adjoined. In this case it follows that rank L (B(G, n)) = rank L (G) + 1, rank I (B(G, n)) = rank I (G) + 1 and rank U (B(G, n)) = rank U (G) + 1.
Next, we give the lower rank of B(G, n).
Proposition 3.1. Let G be a finite group and n > 1. (We suppose that the trivial group has rank 1.) Then the lower rank of
Proof. Let X be a minimum generating set for G and let 1 G denote the identity of G. Then the set A = { (i, 1 G , i + 1) : i ∈ {2, . . . , n − 1} } ∪ {(n, 1 G , 1)} ∪ { (1, g, 2) : g ∈ X } is a generating set for B(G, n). That A is a minimum generating set for B(G, n) follows immediately from Theorem 3.3 in [6] . Indeed, in this result it is shown that the rank of B(G, n), as an inverse semigroup, is (n − 1) + rank L (G). It follows that rank L (B(G, n)) ≥ (n − 1) + rank L (G), and the result follows.
We give a lower bound for the intermediate rank of B(G, n). Proposition 3.2. Let G be a finite group and n > 1. Then the intermediate rank of B(G, n) is not less than (n − 1) + rank I (G).
Proof. Let X be a maximum independent generating set for G. Then the set
is an independent generating set for B(G, n).
Finally, we give a lower bound for the upper rank of B(G, n). Proposition 3.3. Let G be a finite group and n > 1. Then the upper rank of B(G, n) is not less than |G| n 2 /4 + n.
Proof. Partition the set N = {1, 2, . . . , n} into two sets I and J where |I| = n/2 and |J| = n/2 . Then the set { (i, g, j) : i ∈ I, j ∈ J and g ∈ G } ∪ { (i, 1 G , i) : i ∈ N } is independent in B(G, n).
The author verified that the bound in the previous lemma is sharp in the cases that G = Z 2 (the cyclic group of order 2) and n = 3 or 4 using GAP. However, it seems unlikely that this bound is sharp in general. I ; P ] where G is trivial, I is finite and P is an arbitrary matrix?
There are a great many semigroups for which the maximum cardinalities of independent or independent generating sets are unknown.
Open Problem. What are the intermediate and upper ranks of a free semilattice with an n element generating set?
This question may be restated as follows:
Open Problem. Let X denote the set of subsets of an n element set. What is the maximum cardinality of a subset Y of X with the property that no set in Y is the union of other sets in Y?
A related problem was considered in [10] .
Another example of a variety of semigroups whose finitely generated free objects are finite is that of bands. A free band is the quotient of a finitely generated free semigroup A + by the congruence generated by { (w 2 , w) : w ∈ A + }. For more details see [9] .
Open Problem. What are the intermediate and upper ranks of a free band with an n element generating set?
The proof that the upper rank of the symmetric group on n elements is n − 1, in [13] , relies on the classification of finite simple groups. We give as an open problem a statement from [14] .
Open Problem. Find an elementary proof that the maximum cardinality of an independent generating set and an independent set in the symmetric group on n elements is n − 1.
As the symmetric group is important in group theory, the full transformation semigroup is important in semigroup theory. As such it is desirable to answer the following question:
Open Problem. Find the maximum cardinality of an independent generating set or an independent set in the semigroup T X of all mappings from a finite set X to itself.
